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• Motivation – Slitting of Photographic Film

• Finite Element Concepts

• Fracture Mechanics Concepts

• Fracture Simulations

• Software Packages (ABAQUS and FRANC2D)
• Polymer Deformation and Fracture
• Example Slitting Simulations



Slitting of Photographic FilmSlitting of Photographic Film

paper adhesive tape

• Sheets of film are slit to desired widths (eg. 35 mm)

• Automated slitting machinery – numerous applications



Features of Slit Film SurfacesFeatures of Slit Film Surfaces

Some undesirable features:

1) multiple branch tearing
2) emulsion skiving
3) delamination
4) oblique cracks
5) spalling
6) large plastic deformation
7) burrs

Bollen et al. (1989) Journal of Materials Science, Vol 24.



Features of Slit Film SurfacesFeatures of Slit Film Surfaces

Bollen et al. (1989) Journal of Materials Science, Vol 24.

• Micrographs of cut film showing scales, flaps, and fibers.



Slitting Simulation (ABAQUS/FRANC2D)Slitting Simulation (ABAQUS/FRANC2D)



What was needed to do this simulation?What was needed to do this simulation?

• Finite Element Methods
• What are finite elements
• How do finite elements work
• Basic finite element concepts
• Finite element implementation
• Advanced finite element concepts

• Fracture Mechanics
• Modes of fracture
• Linear elastic fracture mechanics
• Non-linear fracture mechanics

• Polymer Science/Mechanics
• Plastic deformation
• Crazing
• Shear yielding

• Software
• FRANC2D
• ABAQUS
• Other ?

• Contact/Friction
• Plasticity
• Geometric nonlinearity



What is the finite element method?What is the finite element method?

The finite element method (FEM) is a 
computer-aided mathematical technique for 
obtaining approximate numerical solutions 
to the abstract equations of calculus that 
predict the response of physical systems 
subjected to external influences (Burnett 
1988).

The focus in this course will be the practical application
of finite element software packages for solving complex
problems such as fracture, contact, and non-linearity.



• Burnett, David S.: Finite Element Analysis From 
Concept to Applications, 1988

• Zienkiewicz, O.C. and Taylor, R.L.: The Finite 
Element Method, Volume 1 & 2, 1991

• Bathe, K.J.: Finite Element Procedures, 1996

• Hughes, T.J.R.: The Finite Element Method (Linear 
Static and Dynamic Finite Element Analysis), 1987

• Cook, R.D. et al.: Concepts and Applications of Finite 
Element Analysis, 1989

• Szabo and Babuska: Finite Element Analysis, 1991

Finite Element Reference BooksFinite Element Reference Books



• A problem domain is divided into regions called elements. 
The collection of elements is called a mesh.

• Governing equations are transformed into approximate 
algebraic (element) equations.

• Equations are numerically evaluated for each element in the 
mesh and assembled based on the element connectivity.

• Boundary conditions are imposed that modify the system of 
equations; values are added to existing terms and/or terms 
are shifted from on side of the equations to the other.

• The system of equations is solved.

• Post-processing of the solution provides displays in tabular, 
graphical or pictorial form.

How does the FEM work?How does the FEM work?



Problem domain

10,000 lb

How does the FEM work: 
an illustrative example

How does the FEM work: 
an illustrative example

Reduce
problem 
based on 
symmetry

Apply 
boundary 
conditions

Discretize 
into 
elements

Form system 
of equations 
and solve.

Post-process



Finite Element ConceptsFinite Element Concepts

Differential Equation : L u = F
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Approximate solution Undetermined coefficients

Trial functions



Finite Element ConceptsFinite Element Concepts

Three Principal Operations for Trial-Solution Procedure

• Construct a trial solution for u*
• Apply an “optimizing criterion” to u*
• Estimate the accuracy of u*

Trial solution
u*(x, y, z; c)
c undetermined

Optimizing criterion
Determines a “best” set 
of values for the c dofs

Approximation solution
u*(x,y,z)
Accuracy: how close is u*(x,y,z) 
to the exact solution u(x,y,z)

If accuracy is uncertain or unacceptable, 
repeat cycle with a different trial solution.

For example, add more trial functions to previous trial function.

u* = finite sum of functions
u* = f 0(x) + c1f 1(x) + … + cNf N(x)
c1 .. cN are undetermined (dofs)
f 0 .. f N are known functions

2 types of optimizing criteria: 
weighted residuals and variational



Finite Element ConceptsFinite Element Concepts

Application of an Optimizing Criterion

• Method of weighted residuals
– Seek to minimize an expression of error in the differential equation 

(not the unknown function u itself) 
– Applicable when the governing equations are differential
– Galerkin method of weighted residuals is the most popular;        

the weighted average of the residual error over the entire domain 
is required to be zero

• Variational method
– Seek to minimize some physical quantity, such as energy. 
– Applicable when the governing equations are variational (integral) 



• Differential equation and domain

• Boundary conditions

• Construct a trial solution

Finite Element ConceptsFinite Element Concepts

An Illustrative 1D Problem
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Selection of trial functions:
• algebraically simple
• easy to work with
• satisfy boundary conditions
• provide sufficient dofs



Finite Element ConceptsFinite Element Concepts

• Approximate solution using the Galerkin method
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Residual of the equation 

Find values for c1 and c2 which makes R(x;c) as close to zero as possible.

The resulting approximate solution is:

Solve on your own as an excersise



Finite Element ConceptsFinite Element Concepts

• The problem domain can be partitioned into pieces, called elements.

• The previous example can be viewed as a one-element solution.

• Trial functions are defined over each element.

• The system of equations for all elements are algebraically identical.

• The element equations are assembled based on element connectivity.

• The resulting assemblage provides an approximate solution.

• The previous example could be revisited using more than one
element to define the problem domain.



Finite Element SoftwareFinite Element Software

FRANC2D DEMO
FRANC2D: www.cfg.cornell.edu



Fracture MechanicsFracture Mechanics

Understanding how things break can avoid 
having to explain why they broke later on!

the Schenectady, 1941

Boeing 737-200
Aloha Flight 243

1988



Basic Fracture CriterionBasic Fracture Criterion

To prevent or control fracture,the crack driving force 
must be less than the material resistance to cracking.



Basic Modes of FractureBasic Modes of Fracture

Tearing (Mode III, KIII)

Sliding (Mode II, KII)

Opening (Mode I, KI)



• The stress/strain (load/deflection) response is linear.

• Stress/displacement fields near the crack tip can be 
represented as linear combination of the 3 basic modes.

• Crack driving force is measured by parameters called 
stress intensity factors (sifs; KI, KII, KIII), which are a

function of the crack length (a), the loading (s), and
the specimen geometry factor (Q).

• Crack resistance is measured from laboratory tests and 
is labeled as KC.

Linear-Elastic Fracture MechanicsLinear-Elastic Fracture Mechanics

aQK ppppssss====



Non-Linear Fracture MechanicsNon-Linear Fracture Mechanics

• Elastic-plastic fracture mechanics
• Large scale plasticity
• J-integral
• Crack tip opening angle
• Ductile tearing

• Creep (visco-elastic/visco-plastic) fracture mechanics
• Crack growth under static loading
• C* integral

• Cohesive fracture mechanics
• Cohesive zone and softening behavior
• Size effects



• Broek, D.: Elementary Engineering Fracture 
Mechanics, 1986

• Broek, D.: The Practical Use of Fracture Mechanics, 
1988

• Kanninen, M.F. and Popelar, C.H.: Advanced 
Fracture Mechanics, 1985

• Hertzberg, R.W.: Deformation and Fracture 
Mechanics of Engineering Materials, 1996

• Saxena, A.: Nonlinear Fracture Mechanics for 
Engineers, 1998

Fracture Mechanics Reference BooksFracture Mechanics Reference Books



Deformation and Fracture of PolymerDeformation and Fracture of Polymer

1) Polymethylmethacrylate (PMMA) 
2) Polyethylene terephthalate (PET)

• stress/strain behavior
• crack initiation - crazing
• fracture propagation
• shear yielding



• Williams, J.G.: Fracture Mechanics of Polymers, 
1984

• Kausch,H.H.: Polymer Fracture, 1987

• Young,R. and Kinloch, A.J.: Fracture Behavior of 
Polymers, 1985

Polymer Fracture Reference BooksPolymer Fracture Reference Books



Simulation SoftwareSimulation Software

FRANC2D:  (www.cfg.cornell.edu)
• finite elements
• multiple, arbitrary crack initiation and propagation
• automatic meshing and remeshing

ABAQUS:  (www.abaqus.com)
• finite elements 
• material and geometric non-linearity 
• contact, rigid surfaces and self-contact
• fracture mechanics



Simulation features include:
• Displacement increments applied to upper knife; lower knife is fixed
• Elasto-plastic material properties
• Large deformation, geometric non-linearity
• Contact between knife blades and plastic sheet
• Self-contact on crack surfaces
• Initial stress and plastic strain mapped forward
• Crack initiation and growth

Plastic sheet

coating

Base 
knife

upper 
knife

Transverse 
crack 
surface

Coupled FRANC2D/ABAQUS “ Cutting”  SimulationCoupled FRANC2D/ABAQUS “ Cutting”  Simulation



Coupled FRANC2D/ABAQUS “ Cutting”  SimulationCoupled FRANC2D/ABAQUS “ Cutting”  Simulation



Coupled FRANC2D/ABAQUS “ Cutting”  SimulationCoupled FRANC2D/ABAQUS “ Cutting”  Simulation



AppendixAppendix

• Finite Element Concepts
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If w=N, Galerkin Method
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Galerkin Method

Integration by parts
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Weighted Residual MethodsWeighted Residual Methods



Variational MethodsVariational Methods
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Differential equations
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Define a functional PPPP

Solution is a function u that 
makes P stationary w.r.t. small 
changes  udddd
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Principle of Min. Potential Energy


